Solution to Exercise 2

1. Let C = {:c ERN 1 xy + aot + a3t + - +antV L >0,V €0, 1]}, which
is obviously a cone by definition.
Ve = (z1,--,2n) €C,y = (y1,-- ,yn) € C and X € [0, 1], we have

(Ax1+(1—)\)y1)+- . '+()\$N+(l—)\)yN)tN_l = )\(%1-‘1-' . '+(ENtN_1)+(1—)\) (y1+-

for any ¢ € [0, 1], which implies C' is convex.

Suppose {w(”)}zozl C C and lim, oo 2™ = z* = (z},235,--- ,2%). For
fixed t € [0, 1], we have lim, oo fn(t) = 2% + 23t + 252 + - + 25tV 1, where
Fu(t) = 2 42l 4 201 Then limy, a0 fo(t) > 0, V2 € [0, 1], which
implies C' is closed.

To show C has non-empty interior, we note that o = (1,---,1) € int(C).
In fact, B(zo, 1) C C.

It remains to show C' does not contain an entire line. Just note that V
non-zero * = (21,2, -+ ,xy) € C, we must have —x ¢ C.

2. Suppose S is affine. We first assume 0 € S. Let € S and v € R.
Since 0 € S, we have yx + (1 — v)0 = v € S. Now, suppose z,y € S.
Then z +y = 2 (%x + %y) € S. Hence, S is closed under addition and scalar
multiplication. Therefore, S = 0+5 is a linear subspace. If 0 ¢ S, then 0 € S—a
for any x € S. So S — z is a linear subspace. Therefore, S = x + V. The other
direction is simple, just use the fact that V is a linear subspace.

3. Let V be the subspace parallel to S. Then S—z¢ = V. Hence span {z; — zg, ...

V. Let x € V, then xt +x9 € 5. So

T+ x9 = i)\imi, where Z)\i =1
i=0

Therefore
m

T = Z)‘i (x; — o) € span {1 — xg, Tm — To}
i=1

Nt Th > 0.
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